In this paper, considering the fact that accompanying with fundamental studies on the motion of ships, for instance on their steering faculty or manoeuvability, the theory of wave resistance of ships moving non-uniformly claims its significance, the author gives a fundamental formula for the surface disturbance of water in some general forms. Then some problems are studied as its applications. One of them is a calculation of additional virtual mass of spheres and spheroids floating on the surface of water. Another application is a calculation of wave resistance of a submerged circular cylinder moving along a straight line. § 1, Introduction
The wave resistance of a ship moving with uniform speed has been investigated theoretically by various researchers since Michell (1J established his famous theory, and a great number of problems -concerned have already been solved up to the present . However, for the fluid motion caused by nonuniform motion of a ship, only a few works have been performed in the past, in spite of the importance for the correlation with the manoeuvring of ships. Now the present author tries to introduce a fundamental formula for wave motion caused by moving bodies, which is applicable for general cases. § 2, Fundamental formula for the surface disturbance of water To establish the theory we take following assumptions as usual. (1) Fluid is non-viscous and incompressive. ( 2) The surface disturbance is comparatively small, so that the second and higher powers of fluid velocity may be neglected. (3) At first the depth of water is assumed infinite and the effect of the sea bottom will be consic'e~ed afterwards. Take the origin on the still water level, axes of x and y horizontal, and axis of z vertical upwards. Denoting the velocity potential by p,, then the condition of the water surface is given by the following equation.
a(p/at-g(+µ(p=const.
(1) where ( is the surface elevation and w is a fictitious frictional coefficient introduced by Rayleigh which should vanish ultimately. By the condition of small inclination of the water surface , the following relation exists.
a(/ at = --apl az.
(2) The equations (1) and (2) are satisfied at z=(, but it is permissible for us to consider they are valid at z=0, because is small. From (1) and (2) we derive a2plat2+gaglaz+~ ap/at=O (3) Now, consider a velocity potential ~o due to a certain distribution of singularities of antisymmetry about the x-y plane, which becomes zero on the plane z=0 and vanishes at infinity . Then we may write the complete velocity potential in the form, where (P1 is to be determined so as to satisfy the condition (3) . As (P1 is a harmonic function, (5) in the lower half domain and may be expressed by the integral representation as follows.
Put (-apo/az)z=o = wo(x, y, t),
and assume the function wo to be expressed by the Fourier integral such as wo=-12 Jfffwo(, ii, t) cos {a(-
4 n Substituting (4), (6) and (8), in (3), we have a linear differential equation determining the function F.
d2FJdt2+p dFJdt+gV'a2+Q2 F= (114 n2) gwo.
This equation can easily be solved, and applying the condition that the fluid is initially at rest,.
we can obtain (P1 in the form,
or putting a= K cos e, Q=K sine, 
If we denote the velocity potential due to, the singularity distribution in the lower half domain by 
(2) doublet For a doublet of moment m at xo, yo, zo, whose axis has direction cosines nl, n2, ns, (Po --nl a + n-a +n3 a_ 1 + nl a +n2 a ---n3--m, 
(3) moving body A body moving under the water surface is replaced by a certain distribution of singularities over the surface of the body. In order to find the singularity distribution, we apply Green's formula to a point between two closed surfaces S1 and S2, of which the latter contains the former.
ff fJ 4 n an rl an rl ~ 4 n an rl an Yl where n is the outward normal to the surface Sl or S2, and the differenciation should be performed with respect to , rj, and ~, which are substituted for xo, yo, and zo in r1. The surface Sl may be chosen as the bodie's surface S and S2 as the free surface.
Then the first term of (28) is no other than the velocity potential (PO, while the second term corresponds to the remainder of (P. Hence we find the density of the source distribution on the surface S to be -(1/4 n)(ap/an)s and that of the doublet distribution to be (1/4 Though the complete velocity potential can easily be derived from (21), (23), (25), and (27) in which ni, n2i ns are taken to be the direction cosines of the outward normal of the surface S, it is extremely difficult to determine the singularity distribution so as to satisfy the boundary condition on the surface of the body, i.e.
--a¢/an = nv , (29) where v is the velocity of any point on the surface and n is the unit vector along the outward normal. For a submerged body the effect of the fluid motion excluding (Po is comparatively small on the bodiy's surface, and we are permitted to take the first approximation -by putting (=Po on S (30) and regarding that p o satisfies the boundary condition (29) by itself. For a slender ship, the surface S is taken as the centre line plane Sc according to the same hypothesis as that adopted by Michell.
S=2 Sc.
If the ship is moving horizontally within her plane of symmetry with instantaneous velocity V(t in the direction of positive x, the normal velocity on the ship's surface is -V ay/ax, as the ship's form is respresented by the equation.
(32) Then the doublet distributions on both sides cancell each other and we get the following expression for the fluid motion.
0 In the above, we have put r2={~(x-X -)2+y +(z+()2 w(7)=(x-X(7) -) cos 8+y sin 9 (34)
The force acting on the body is given by the integral as F= -f f p n dS.
The resistance to the motion is the component of F inverse to the direction of motion. For the translatory motion, v is the same at any point, and the resistance becomes Substituting (38) in (35), we can evaluate the force. The third term of. (38) gives the statical buoyancy whose amount is equal to the weight of the displaced liquid, and the last term contributes nothing to the force. Now we take up the first term of (38). First of all we consider a velocity potential which satisfies the boundary condition on the surface S and becomes zero at z=0. As in the translatory motion this potential can be written as Vj5, we put = V +X.
Then the boundary condition which is satisfied by X on the surface of the body becomes ax/an = o.
We can determine the function X by a successive approximation. First we take X1 which has the same form as p' in (10) or (12), though in X1 the function w~ defined by the equation
is introduced in place of wo. Next we give X2 which is due to a singularity distribution on the surface S so as to extingnish the normel velocty on S induced by X1. The next stage of approximation Xs is similar to X1, with uw2
w: _ ( -aX2/az)z=o (42) in place of w1, and so on. We can easily be shown from (10) or (12) that the function Xi, X2, X3
.....are all independent of the present state of the motion of the body, but are determined by the history of the motion which the body has described, and so does the function X. After due consideration, we find that the resistance which is directly proportional to the acceleration comes from V,b alone. We can define the inertial reaction as the resistance which is proportional to the acceleration of the body, and from (36) we obtain Ro= -pV f f ii 5/&n dS.
The force coming from the second term of (38) may be transformed into a somewhat simpler form by Gauss' theorem, and it can be shown that the horizontal component is determined only by the history of the motion. § 5, Inertial reaction of a prolate spheroid boating on the surface of water There are a few cases in which we can determine the function b directly. One example is a prolate spheroid, including a sphere and a circular cylinder, with its axis on the free surface.
We use the spheroidal coordinates such as x=kµv, y=kV (µ 1)(1-v2) cos ~o, z=kV1)(1-v2) sin ~p.
(44) Denoting the eccentricity of the ellipse µ=µo by e, major axis by 2a, and minor axis by 2c, we have k=ae, µo=1/e, kvµo2-1=c.
(45) We may put k=1 for simplicity without injuring generality. The velocity potential, which becomes zero at z=0, takes the form, b= EE Ara. Qua (w) Pn (v) sin mrp, The inertial reaction is expressed by the inertia coefficient which is the ratio of the force givenn by (43) to the mass inertia of the displaced liquid for the translation or the ratio of the resisting couple to the moment of inertia of the displaced liquid for the rotation. In the case of the longitudinal translation, the inertia coefficient is given as follows. (2 ( 1(2 --e ~a=~ ~n=z n+ l) n -m ! ,b n The inertia coefficient of a spheroid in the unbounded liquid is given by Lamb [2] , while it is reduced considerably for a floating solid. According to the numerical calculations of the above formulae, the inertia coefficient of a floating sphere is about 0.54 of that in the umbounded liquid. In the longitudinal translation of a prolate spheroid this ratio is about 0.43 for length beam ratio 5, and about 0.36 for length beam ratio 10. In the lateral translation these become about 0.43 and 0.41 respectively, and in the horizontal turning these are about 0.46 and 0 .42 respectively.
6. Horizontal motion of a submerged circular cylinder and a sphere As an application of the fundamental formula, we consider a circular cylinder of radius a starting horizontally at a definite depth f under the surface of water in the direction perpendicular to its axis.
For the first approximation, the velocity potential 'Pa which satisfies the boundary condition on the cylinder is a two-dimensional horizontal doublet.
from which ~1=2afV(r) dr f e-"(r-z) sin k {x-xo(r)} sin {/(t-7)}V dk , 
(P2 = -Vaa f o exp (-2 rcf +rca2 sin 9/r) sin (aa2 cos 6/r) dic +2 a2 f ° exp (-2 is f +ica2 sin 8/r) {A sin (rca2 cos 9/r) +B cos (rcd2 cos 0/r)} dic 0 =1+2.
The resistance of the cylinder is R= f o aP cos 9 d9.
The resistance proportional to the acceleaation is Ro=npa2 V(1-a2/2f2).
As the contribution of a,!'1 is involved in Ro, the remaining part of the resistance comes from the pressure -V a C~1+~2) -1 a~o_ a(~1+b2) + a('pl+b2) axl a2 ae ae at = (2 V/a) sin 0 a(p1+p2)/aa+a(p1+a/'2)/at,
from which 1' 2~ R l=, apl cos 9 de rQ = 4 n pa4 f e-2x1(rc VB+ a A/a t) Ic "grc dic 0 =4n pga4f tV (r) drf e_2Kf cos k {xo (t) -xo(r)} cos{r'grc (t-r)}rc2 dre. 
we have Rl _ 4 n pga4 J (-)(n±2)! gm t cos{(n+3) tan-1(X/2f)} I f VCt _ u) 2 2 (re+3)f2 u2~ du.
From the above we can compute the resistance of the cylinder soon after it has started. As the simplest example, consider a circular cylinder starting suddenly from rest with a uniform speed e.
In this case, putting a S,b (x).= f cos (n+3) ce. sin ~7b a cos da,
0 we find (70) is suitable for small t, but as t increases the convergence of the series becomes worse. For the value long after the beginnig of the motion, it is convenient for us to perform the integral about T at first and then integrate with respect to K by means of the principle of stationary phase. This being done, we have the final results as follows.
Ri=4n2pg2a4 c-4e-29f/c2.~. in3/2 P'2 a4 c-3(ct)-1 2 e-~ f/2c2 sin 1(gt/c-n).
(71) 2 4 The first term of (71) Taking up to the second approximation, we obtain the resistance which is acceleration as follows.
Ro=!pa3V (2-a3/f3). 
proportional to the (74) we have the remainder of the resistance.
R1=2pas f e_2Kf K2~/gK dK f (K VD cos Q +&C/91) cos20d9, 
o a where Jo, J2 are Bessel functions of the first kind.
Though the evaluation of (77) is more troublesome than (65), it seems that the results show a similar feature to the cylinder. § 7, Restricted water depth Formulae hitherto introduced are valid when the depth of water is infinite, while in the shallow water we should take into account the effect of the sea bottom.
At the bottom the vertical velocity vanishes, and with uniform depth h the boundary condition is given as ~'p/5z=0 at z=-h. (78) Then the second function (P1 which satisfies the above condition takes the following form in place of (12). 
Needless to say, the function p o should also satisfy the condition at the bottom.
Postscript : This paper was first presented to the spring meeting of the Society of N.A. of Japan held in April 1950, but the publication has been delayed for four years. Quite recently the author has a chance of reading Prof. Havelock's papers in which similar problems are worked. [3] , [4] , [5] . The papers [3] and [4] correspond to §6 of the present paper, while [5] corresponds to § 5. For a circular cylinder, Havelock's results expressed by equations (15) and (23) of his paper [3] differ from (65) and (71) of the present one. Consequently the numerical results shown in curves are also different. The reason lies in the fact that Havelock left out the term p 8'p/at in the evaluation of the resistance. In fact, we shall have the same result, if we omit aA/8t in the equation (65).
